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Abstract 

In this paper we illustrate the dynamics of the Chang-Soo/CDJ 
variables in the description of vacuum GR in anisotropic minisuper- 
space, uncovering a new class of general solutions in both the degener- 
ate and the nondegenerate sectors. One result of these new variables 
is the existence of an unbridgable gap between these sectors. The 
gravitational dynamics self-consistently hold down to arbitrarily small 
times, implying a semiclassical-quantum correspondence as well as an 
elimination of the big bang singularity in the nondegenerate sector. 
We also present an algorithm for constructing general solutions for the 
spacetimes labelling a general quantum state in these variables. 
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1 Introduction 



Based upon singularity theorems by Hawking and Penrose [1], the classical 
equations of general relativity coupled to matter under reasonable conditions 
should ultimately lead to singularities in the structure of spacetime. It is 
generally accepted that the singularities of general relativity result when 
the classical theory is extended beyond its domain of applicability One 
example of singularities appears in cosmology. The Friedman-Robertson- 
Walker metric for an isotropic universe is given by 



ds 2 = dt 2 -a 2 (t) 



dr 2 



1 — kr 2 



+ r 2 d9 2 + r 2 sin 2 Odcf 



(1) 



where a = a(t) is the scale factor governing the rate of expansion of the 
universe, and k = —1, and 1 correspond respectively to a hyperbolic, flat 
or elliptic topology for the universe. The Einstein's equations for (1) are 
given by [2] 



a + 



A 4vrG. 
-3+"3-(P + 3p) 



a = 0; 



+ (2) 



'd\2 _ A | 8irGp k 
,a/ 3 3 

where p and p are respectively the density of matter and pressure in the 
universe, respectively. Big bang singularities might arise in the FRW model 
corresponding to solutions of the form of the form a(t) ~ t n , in quantities 
which scale inversely with a, such as the initial density of the universe, which 
would classically be infinite at t = 0. 

It is a hope that the singularities of GR can be resolved by a quan- 
tum treatment, which has led to various investigations for example in Loop 
Quantum Cosmology. The 'bounce' has been claimed to avoid the big bang 
singularity, which persists even in a quantum treatment of (2) in metric 
variables (See [3] and references therein). One way to avoid the singularity 
from the FRW equations is to include a cosmological constant A, leading to 
exponential expansion of the universe. While this resolves the singlarity at 
t = 0, it does not eliminate the remaining possibilities on first principles. 

We will provide further support in the present paper for the notion that 
it is possible to avoid the big bang singularity, and singularities in general 
in the Einstein's equations by analyzing the classical description of GR in a 
new set of variables called the Chang-Soo/CDJ variables. 1 



1 See [5] for the formalism and Hilbert space structure of these variables in anistropic 
minisuperspace. 
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A question arises, if the initial conditions governing the universe are truly 
quantum in nature, as to why a classical treatment might suffice to explain 
them. The only consistent answer to such a question would come into play 
if there was a semiclassical quantum correspondence (SQC) implied by the 
theory. We will proceed in the present paper under the assumption that the 
equations of motion hold down to arbitrarily small times until the beginning 
of the universe at t = 0, and examine whether or not the big bang singularity 
can be avoided. Our analysis will shed some insight regarding the initital 
conditions of the universe. 

The Hawking -Penrose singularity theorems rely heavily upon the exis- 
tence of a spacetime metric. In the modern treatments of general relativity, 
the metric is stripped of its priviledged status, and Yang-Mills type gauge 
fields play the role of the fundamental variables independently of a back- 
ground structure, for example as in [4]. In our treatment in [5], the fun- 
damental variables are the CDJ matrix ^> ae and the Chang-Soo connection 
X ae with no reference to a metric. By this means, we transfer the question 
of spacetime singularities from a condition on the metric, into a condition 
on the new variables and examine the implications. 

Cosmic inflation has been provided in [6] as a possible mechanism for the 
solution to various problems in the cosmological standard model. One of the 
results of the present paper is to corroborate the notion that inflation and 
big bang singularity avoidance are intimately intertwined. For the present 
paper we confine ourselves to anisotropic minisuperspace, which will in turn 
shed some additional light on the initital conditions of the universe and on 
the dynamics of the Chang-Soo variables, prior to presenting the full theory. 

The layout of the paper is as follows. In section 1 we recall the main 
results of [5] to set the stage for the Hilbert space of quantum states corre- 
sponding to the classical dynamics that we describe. Sections 3 and 4 cover 
the general solution for nondegenerate vacuum GR in Chang-Soo/CDJ vari- 
ables in anisotropic minisuperspace. This class of solutions is described by 
the Hilbert space and includes inflationary solutions. Section 4 culminates 
with a demonstration of singularity avoidance as a consequence of the new 
variables. In sections 5, 6 we provide a wide class of solutions within the de- 
generate sector, and in section 7 we cover the general case of the degenerate 
sector with an algorithm for construction of the general solution predicted 
by these variables. All conventions and notations in this paper are as given 
in [5], of which section 2.1 provides a good summary of the constraints and 
various useful identities in the Chang-Soo variables which we make use of 
in this paper. 
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2 Recapitulation of the Chang— Soo Hilbert space 



A main result of [5] was the establishment of a Hilbert space of states cor- 
responding to our description of GR in the Chang-Soo/CDJ variables in 
anisotropic minisuperspace. A general state satisfying the constraints of 
general relativity in these variables is given by 

^ x [X]=e-^- x e^ lx - x . (3) 

The wavefunction (3) is labelled by a set of five numerical constants, namely 
the values of the CDJ matrix ty ae = X ae = const. Va, e. Equation (3) is a 
semiclassical wavefunction peaked at X ae = (hGv)~ 1 X for each X ae , which 
due to the SQC is also a quantum wavefunction characterizing the spacetime. 
Note due to the Gaussian fall off behavior, that spacetimes corresponding 
to values of \ ae further from the peak are more suppressed. 2 

Another result of [5] is that the states (3) have been argued to resolve 
the problem of time. The conventional Schrodinger representation evolves 
the state in time via the prescription 

|*(T))=e iflT |*o>- W 

In this representation the evolving state is projected onto a complete 
set of basis states \X) via the prescription 

|V>CO) = n/ SX ae \X)(X\^(T)), (5) 

a,e ^ r 

from which one can read off the wavefunction 



^[X(T)] = (X\^(T)). (6) 

However, (6) when applied to quantum gravity leads to the problem of time 
since the state (4) cannot evolve on account of the vanishing Hamiltonian 
H = 0. 

Our proposed resolution is to rather use a kind of Heisenberg repre- 
sentation, whereby the time evolution is directly encoded in the dynamical 
variables X ae = X ae (T). 3 The state then is an abstract entity inde- 
pendent of any notion of time until projected onto a complete set of basis 

2 These include pathological spacetimes and spacetimes containing singularities. 

3 While the Hamiltonian vanishes on account of GR being a totally constrained system, 
the dynamical variables do exhibit a nontrivial time evolution via the Heisenberg equations 
of motion X{T) = e {%,h)HJ ' X e~ l -' /h ) HT '. The Hamiltonian generateds gauge transforma- 
tions of the variables, however our interpretation is that the Hamiltonian constraint should 
be seen in a different light to the kinematic constraints. 
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states. Exploiting this observation, one can evolve the projection operator 
to the desired time via 



j = e m)HT Ie -(i/H)HT = "Q / § X ae \X(T))(X(T)\ (7) 



a,e 



An arbitrary state can now be projected to an given time T using (7), 
which allows one to read off the resulting wavefunction 



4[X]=1>[X{T)] = (X{T)\V). 



(8) 



The result is that the left hand side of (8) now inherits a well-defined time 
evolution from the variables X, thought of as clocks. Therefore the states 
constructed are intimately intertwined in the classical evolution of this de- 
scription of gravity and its quantum dynamics. In other words, the state 
(8) inherits a semiclassical-quantum correspondence due to the variables' 
evolving in accordance with the initial value constraints consistently with 
the equations of motion. Let us now examine the equations of motion in 
some greater detail, starting with vacuum general relativity in anisotropic 
minisuperspace. 

3 Setting the stage with nondegenerate vacuum 
general relativity (X = detA ^ 0) 

The starting action for general relativity in the Chang-Soo variables (^ a e, X ae ) 
in anisotropic minisuperspace with Lorentzian signature is given by [5] 



where *& ae is the CD J matrix and X ae are the Chang-Soo potentials. The 
Ashtekar variables [8], [9] can be recovered from (9) via the substitution 
a l a = ^ ae Bl, conventionally known as the CDJ Ansatz. The auxilliary 
variables TV, N l and 6 d take on the same meaning as in the Ashtekar variables 
as the lapse, shift vector and SU(2)- rotation angle, respectively. 

The Hamilton's equations of motion for the Chang-Soo potentials de- 
rived from (9) are given by 




+(detA) [-z7VVdet*(A + tr*" 1 ) + (N l Af - 9 d )f db f<S> bf \ ) , (9) 



4 



x° 



5H 



12 



(^- L ) ae H[N] 



-^(det^Vdet^C^- 1 ^" 1 )" 6 + (detA)(N i Af - d )f dae ; 
and for the CDJ matrix by 



(10) 



5H 

5X ae 



iSaeidetA^HlN] 



+S ae (N i Af - 9 d )f dbf * bf + NtAfSrifjbfVv 



(11) 



Since the Cauchy development of GR should be consistent with the initial 
value constraints, then the constraints can be applied wherever they appear 
in the equations of motion. For the case of nondegenerate Ashtekar curva- 
ture, namely det-B = (detA) 2 ^ 4 the only constraint contained in (10) is 
the Hamiltonian constraint H ~ 0. On the other hand, (11) contains all of 
the constraints, which can be seen as follows. 

The first term on the right hand side of (11) contains the Hamiltonian 
constraint since I/O, where X = trX ae = txB l e A^. The first term on 
the second line contains a combined kinematic constraint (namely the dif- 
feomorphism and left handed SU[2)- gauge constraints, since a factor of 
1 = X~ X X = (detA) _1 (det J 4) can be inserted to extract these constraints). 
This leaves the third term on the second line, which may not be as obvious. 
Using the identity 5 ad = (A~ 1 ) :! a A d , we can write this term in the form 



N l AI5 ad f dbf * bf = (N i At(A- 1 )i)(detA)-\detA)A d f dbf ^ bf 

= ^(N*Ai(A- l y a )H 3 (12) 

which contains the diffeomorphism constraint Hj since (^l^ 1 )^ exists. There- 
fore the equation of motion for the CDJ matrix ty ae is a linear combination 
of constraints and vanishes independently of the gauge choice. 5 Application 
of the constraints yields for the CDJ matrix that 



^ae = -> ^ae(T) = A (ae) = COHSt. Va, e, (13) 

4 We have used the identity B a = (detA)(.A _1 )* , as well as X — trX ae = detA, for 
anisotropic minisuperspace. 

5 Any gauge fixing must be applied after, and not before, applying the constraints. 
For example, from the $ m equation of motion, applying the diffeomorphism constraint 
idae^ae ~ yields that the CDJ matrix \& ae = *( ae ) must be symmetric. Hence this 
gague- independent information would have been lost had a gauge been prematurely fixed. 
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which is independent of the kinematic gauge choice since I/O. However, 
for (10), only the Hamiltonian constraint can be used. 

To obtain some physical insight into the dynamics, let us choose the 
gauge 6 a = N l = 0, leaving the lapse N unspecified. In this gauge, the 
equations of motion reduce to 

X ae = -iN(detA)rj ae ; * ae = 0, (14) 
where we have defined an internal SU(2)— <8) SU (2)_ metric rf e is given by 6 



v ae = v / dit*(^- 1 ^- 1 ) ae . (15) 

Equations (14) and (15) resemble the equations of motion for a free particle 
in classical mechanics, travelling ostensibly through a nine dimensional con- 
figuration space. However, the space is actually five dimensional on account 
of the constraints. 

Taking the trace of (14) and dividing though by X = trX ae = detA 
since I/O due to nondegeneracy, we obtain 7 



X dlnX . 

x= — = ~"> N < 16) 

where we have defined r] = tr(rj ae ). Equation (16) directly integrates to 



X(T) = X(T; A) = X e- iriNT . (17) 

Note the mass dimension [r/] = 1 which cancels the negative mass dimension 
of time [t] = —1 so that the argument of the exponential is dimensionless. 
Substituting (17) back into (14) we can now integrate to find each of the 
Chang-Soo variables X ae . Hence we obtain 8 



X ae (T; A) = X£ e - iNr/ ae / X(t)dt = X$ e - iNr) ae X / dt e~ ir,m . (18) 

Jo Jo 

The general solution for the nondegenerate case is given by 

6 This should not be confused with the Minkowski metric rf^ for flat spacetime. The 
context should be unambiguous from our notational use in [5] of SU(2)- from the begin- 
ning of the Latin alphabet as opposed to spatial indices from the middle of the alphabet. 

7 Note that X is actually the Chern-Simons functional for minisuperspace, identified 
in [10] as the candidate for a time variable in quantum cosmology. 

8 The notation X(T; A) signifies that X — detA acquires the label of the five numerical 
constants determined by \ ae 6 GL(5,C). 
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+ rj ae (X / V )e- iNr i T . (19) 

where rj ~ 77(A) = V detAtr(AA)^ 1 depends on the invariants of the matrix 
X ae labelling the momenta. Hence, the Chang-Soo variables have inherited 
the label of the constant X ae , which is consistent with the equations of mo- 
tion. The choice X ae = — ^S ae , for Lorentzian signature yields r] = ±|\/6A, 
which contains inflationary solutions. For Euclidean signature the solutions 
would be oscillatory with period (2^/3)^6^. A physical temperature has 
been ascribed to such states in [10]. 



X ae (T;X) 



vae 



4 Dynamics of the spacetime metric 

We now examine the relation of the new Chang-Soo/CDJ dynamics to the 
dynamics of the spacetime metric g^ v , still under the condition of nonde- 
generacy for the Chang-Soo variables. The time time component of the 
spacetime metric g^ is still fixed by goo = N 2 , but the spatial components 
hij have been stripped of their status as fundamental variables. 

The spatial three metric three metric hij, in Chang-Soo/CDJ variables 
converted from the Ashtekar variables is given by 



h ii_&a_ ^af ( B i B f \ m 

deter det^ VdetS/' 1 ; 

The relation to the internal SU(2)_ <g)SU(2)- metric r] ae in (15) stems more 
directly from the covariant form 



hij = (deW)^- 1 ^- 1 )^ (B-^KB- 1 ^ (detB). (21) 
whereupon the following relation can be written 



rf e = v / dit^(*- i *- i ) ae = ( det *r 1/ x( : ^§)- 



(22) 



Making use of the relation B' l a = (detA)(A~ l )' l a in anisotropic minisuperspace 
along with the relation detS = (detA) 2 = X 2 , (21) reduces under the 
solution fy ae = X ae to 



^ ~ hij(T; A) = (detA)(AA) ae 1 ^(T)^ e (T). (23) 

7 



Observe that the spatial three metric has acquired the label of \ ae G 
GL(5,C). Since in the Chang-Soo variables the metric is now a derived 
quantity, then its components cannot all be determined until eight compo- 
nents of the Ashtekar connection Af have been specified. 9 The part of the 
three metric hij which can be specified is h = det(/iy) = (detA)X 2 , whose 
time evolution is given by 

h(T) = h(T; A) = (detA)A^exp [2v / detAtr(AA)" 1 T] . (24) 

Hence in the general solution for the nondegenerate case even h, acquires a 
the label of the \ ae 6 GL(5, C). One can then absorb the Ashtekar potential 
into the definition of left-invariant one forms of an isometry group when one 
wants to extract a spacetime metric as in 

ds 2 = -N 2 dt 2 + Vdet\r]^u a ® u e (25) 

where we have defined u a = Afdx 1 . 10 Let us now specialize to the isotropic 
sector of the Chang-Soo variables. 



4.1 The isotropic sector 

In the isotropic sector of Chang-Soo variables, all components of the Ashtekar 
connection Af are directly related to X = det-A, which is in turn fixed by 
(17). Plugging in the Ansatz A\ = SfidetA) 1 / 3 = SfX 1 / 3 into (23), 

h%j(T; A) = (detA)(AA)r. 1 A 2/3 e-^ AfT (26) 

Two questions regarding (26) naturally arise: (i) Reality conditions upon 
h^, as with (23), since one would expect the spatial three metric to be real 
in the classical theory. A necessary condition is for the argument of the 
exponential in (26) to be real, which would imply that 77 must be imaginary. 
From the definition (15), this can occur only if detA < 0. Making the 
replacement A — > —A, we have rj — > irj which reduces (26) to 

MT) = -(detA)(AA)r. 1 A 2/3 e 2 ^ T (27) 

9 According to our interpretation of the Chang-Soo/CDJ variables, all components of 
j4", and the resulting Ashtekar curvature B l a are then freely specificable except for one, 
for which detA = X is fixed by the dynamics of the Chang-Soo variables in anisotropic 
minisuperspace. This is also evident from the relation B l a — (detA)(A _1 )^. 

10 Though, one is not restricted to this type of spacetime, all reference to the Ashtekar 
variables has still been eliminated, and one is now restructed to nondegenerate A ae - 
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where we have taken the positive square root. This in turn implies that 
Im[(detA)(AA)~- X Q ] = forall (ii) Even for an isotropic connection 
Af the spatial three metric (27) is still not isotropic due to the label Ay. 11 
One has the freedom to rotate into a frame in which the metrix is diagonal 
by appropriately choosing a set of invariant one form in analogy to 

Let us now examine the state corresponding to an isotropic CDJ matrix 
X ae by choosing X ae = 5 ae ip. Then have rj = 3/y^ and (27) further reduces 
to 



hij (T) = hijp; <p) = -Sij (^~)e^ NT (28) 

Comparison with the dark energy sector of the FRW model fixes the trace 
of the CDJ matrix to be ip = -|, where A is the cosmological constant. This 
further reduces (28) to 



MT;A) = " 




where we have readjusted the scale factor N by a real numerical constant, 
still remaining under Lorentzian signature. There are a few implications 
from the result (29): (i) Starting from the nondenerate sector of the Chang- 
Soo variables without any pre-defined metric, a metric has arisen which 
reduces to a known solution to the FRW equations, (ii) While the FRW 
model allows for singular metrics at t = 0, hence the big bang singularity, 
this is precluded in the Chang-Soo variables due to (23), which includes 
the condition of a nondegenerate Ashtekar curvature, (iii) The preclusion of 
singular metrics can also be interpreted from (29) as the requirement that 
A / 0, since Xq ^ owing to the assumption X = detA ^ 0. This fixes the 
initital metric at the beginning of the universe (T = 0) to be 12 



h ij (0;A) = -6 ij (— ^-). (30) 

A necessary condition for the avoidance of the big bang singularity at t = is 
then that A / 0. Since the universe is inflating according to (29) for N > 0, 
then this condition is automatically met. Hence we have shown, as a result 

11 This can be interpreted as a more general description than the inflatory FRW model 
which includes anisotropy. 

12 Note that the expression is dimensionless, as it should be for a metric. Since A is small, 
then the initial size of the universe is then directly determined by the initial value of the 
Ashtekar curvature through X, which can be regarded as one of the physical parameters 
of the model. 
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of the classical dynamics of the Chang-Soo variables, that the presence of 
inflation implies an avoidance of the big bang singularity. 13 If a quantum 
theory of gravity is indeed ultimately necessary for such a resolution, as is 
commonly agreed in the existing literature on the subject, then it would 
imply a semiclassical-quantum correspondence for the Chang-Soo dynamics 
of gravity. 



5 The degenerate sector (detA=0) 

Although we have excluded the regime of degeneracy (detA = 0) from the 
domain of applicability of our Hilbert space in [5] , it is nevertheless of interest 
to examine some of the corresponding solutions for physical interpretation 
and for completeness. One consequence of the degeneracy condition is that 
the spacetime metric g^ u must be degenerate. This can be seen from the 
definition of the metric as a composite variable in the Chang-Soo variables, 
taking the deteminant of hh^ = <J l a (rl 



h = det(hij) = deta = (det^)(detS) = X 2 detV = (31) 

However, as we will show, it is still possible to obtain well-defined time 
evolution for the CD J variables in this case as implied by (31). 

Recall the expression for the Hamiltonian constraint in the Chang-Soo 
variables 



H = (detA)\/dettf (a + tr^ 1 ) . (32) 

The quantity detA is part of the definition of the constraint, therefore when 
detA = the constraint is automatically satisfied. Let us now revisit the 
equations of motion (10) and (11) under the condition of degeneracy. Start- 
ing with the equation for X ae 



X ae = (detA) 



N 



v / det*(A + tr*- 1 ) + (PPAf - 9 d )f dae 



(33) 



Since detA = 0, then X ae = satisfies the equation of motion independently 
of the gauge. Hence we have 



X ae = 0; X ae {t) = const. Va, e. (34) 

13 This result is consistent with an increasing amount of observational evidence pointing 
to a small but positive A [11], [12], [13]. 
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From (34), the Chang-Soo variables form a degenerate matrix of numerical 
constants X ae = Xq c . Since X = detA = = Xq, the matrix remains 
degenerate for all times. Therefore, the degenerate case remains a distinct 
sector of vacuum GR which cannot be bridged. 14 

One ramification is that the states ^[A] = eXX as currently defined 
in [5] cease to describe the physics, since the quantum state arose from 
the canonical structure ^ ae X ae of the theory. Additionally, the problem of 
time would exist for these states with respect to the variable X ae because 
it cannot evolve the state to a new time. 15 

Moving on to the equation of motion for the CDJ matrix, we have 

* oe = i5 ae N VdetV (A + tr^ 1 ) 
+ [SaeiN'Af - 9 d ) + N l Ai5 ad ] f dbf * bf . (35) 
Recall the expressions for the kinematic constraints 



G a = -(detA)f ace t> ce ; Hi = (detA)N i Afe dae ^ ae . (36) 

Since (36) is to detA, the kinematic constraints are automatically satisfied 
for X = detA = 0. However, (36) is insufficient to make the antisymmetric 
part of the CDJ matrix ^[ ae ] vanish, as they did for the nondegenerate case. 
Additionally, there is no Hamiltonian constraint in (35), which removes the 
previous restrictions on time evolution of the CDJ matrix. Again, in contrast 
to the nongegenerate case in which it was X ae which contained the nontrivial 
evolution with ^ ae = X ae being constants. In a certain sense, as a result 
of degeneracy the 'coordinate' and 'momentum' variables have essentially 
'exchanged' roles due to the degeneracy. 

To obtain some physical insight into the dynamics we will need to choose 
the N l = 9 d = gauge. 16 The equation of motion for ^ ae in this gauge reads 

i> ae = -i5 ae NVdeW (A + trf" 1 ) (37) 

Let us now solve (37) to obtain the time evolution of the CDJ matrix under 
the condition of degeneracy. 



As a result of the SQC, the variable cannot evolve in time from the X — sector into 
the X / sector, since the equations of motion are assumed to hold for all time. Due to 
the semiclassical-quantum correspondence, the classical and the quantum evolution of the 
state are equivalent. Consequently, the dynamics of gravity in the Chang-Soo variables 
would preclude topology change. This is unlike in [14] and works by other authors on 
quantum gravity. 

15 We will show in a later section how to incorporate the degenerate regime into the 
Chang-Soo/CDJ quantum dynamics. 

16 This time, simplifying the analysis of ^ ae . Note, it is precisely this gauge which was 
needed for the X / case for the conjugate variable X ae . 



11 



6 Time evolution of the CDJ matrix in the degen- 
erate case 



Let us recount the equations of motion for completeness 



<& ae = -i<5 ae AVdet*(A + tr^ 1 ) ; X ae = 0. (38) 

Equation (38) states that the time derivative of the CDJ matrix is an 
isotropic matrix, due to the 5 ae , which means that the off-diagonal parts 
are numerical constants. Let consider first the case of symmetric CDJ ma- 
trices for simplicity. 17 Then the CDJ matrix could be written in the form 




* ae 



Hence for a symmetric CDJ matrix we have that U = V = W = 0, which 
would mean that the shear components U, V and W are numerical constants. 
To fix these constants let us perform a complex orthogonal transformation 
of (53) to diagonalize 4> ae . Using a SO (3, C) matrix O ab we have for the left 
hand side that 



O ab ^ bc O T ce = - (O ab * bc Ol = j t Diag(a, b, c). (39) 

Since the right hand side of (53) is isotropic owing to the isotropic matrix 8 ae , 
then it is invariant under the 50(3,(7) transformation. This implies that 
the matrix ^ ae is already in diagonal form, hence that U = V = W = 0. 
Therefore the most general form of ^> ae is really given by 



^ae = 8 ae m + e aed n d (40) 

for some m and n d . 

We will first consider the class of solutions for which n d = 0. The 
equations of motion read, given that X ae are constants, 



(A + i + Ui) (41) 
V a o cJ 



a = b = 6 = iNVabcyA + 

The time derivates of the diagonal elements are equal, which implies that 
these elements must be equal, within numerical constants, to each other. 



17 This is a simplifying assumption, and not a consequence of the constraints or the 
dynamics. We will consider the more general case in the next section. 
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b(t) = a(t) + ki; c(t) = a(t) + k 2 



(42) 



for arbitrary constants k\ and k 2 . These constants can be used to label the 
resulting state, though it is not described by [5]. 18 In the general case the 
equation of motion can be integrated 

f a(T ) _i/9/ 1 1 1 \ -i 

/ a(a + h)(a + k 2 )) ' (A+- + ^ + H da = iNT. (43) 

Jao V a a + fci a + fc 2 / 

The left hand side of (43) can be written in closed form in terms of known 
functions, but we do not display the result it here. Let us rather use a 
compact notation to decribe the integral. 



I A (a;k 1 ,k 2 )=iNt (44) 

denotes the most general case for vanishing off-diagonal components, with 
nonzero cosmological constant. 



6.1 A few simple cases within the diagonal sector 

Let us now illustrate a few simple examples for the degenerate case for which 
short expressions can be written. 

(i) Isotropic case with nonzero A. In this case we have k\ = k 2 = 0. The 
equation of motion reduces to 

a = iNa^ 2 [h+-^ (45) 
Equation (45) directly integrates to 



I A {a; 0, 0) = iNT; a(T) = -tan 



tan 



Aa 



+ 



/3A 



2 iNT ). 



(46) 



For A = we have 



a(T) = (^+^iVT) 2 (47) 

18 One could however carry out a similar canonical analysis in which the 'coordinate' 
and 'momentum' variables have exchanged roles and then construct the analogous Hilbert 
space of states as functionals of ty ae in lieu of X ae , which we will briefly illustrate in the 
last section. 
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(ii) One diagonal degree of freedom. In this case k 2 = 0, k\ = k where k is 
an arbitrary numerical constant. The we have 



/ 2 1 \ 

a = iNaVa + k ( A H 1 ) 

V a a + k) 

Equation (48) integrates to 



(48) 



I A (a;k,0) 



^tanh-^^S) -Manh-^^S) 
kA - 3 - r 2 



= iNT (49) 



where we have defined the dimenionless constants 



kA - 3 - Vfc 2 A 2 - 2kA + 9; r+ = y fcA - 3 + \A 2 A 2 - 2/cA + 9. (50) 

While solved in closed form, the relation (40) is nontrivial to invert for 
a = a(t), but nevertheless the solution is implicit. The A = case leads to 
the relation 

I (a; k, 0) = | [V^+k - y|tanh- 1 (y / 3(l + ^)) = iNT. (51) 

Likewise, the relation (51) is implicit but still nevertheless illustrates the 
integrability of the system. 

(hi) General diagonal case for A = 0. This is given by 



r , , r (T) Ja(a + k l ){a + k 2 ) 
J (a; h, k 2 ) = I - J: \ - ; r^fia = iNT 



ao 



3a 2 + 2a(/ci + k 2 ) + A;i/c 2 



(52) 



The relation (52) can as well be integrated in closed form in terms of known 
functions, though we do not display the final expression here due to its 
unwieldiness. 



7 The degenerate general case 

We now treat the general solution degenerate case for vacuum GR in the 
Chang-Soo/CDJ variables. Returning to the equation of motion, 

^ ae = -i5 ae N Vdet$> (A + tr*- 1 ) ; X ae = 0, (53) 
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we now solve the equations of motion, allowing for the most general form of 
the CD J matrix ^ ae . 19 This is given by 

/ a W-w V-v \ 
* ae = i W + w b U - u . 
\ V+v U+u c ) 

It will be convenient to parametrize the CDJ matrix into its isotropic and 
its non-isotropic parts, as in 

*ae = bae^ + ^ae- (54) 

In (54), ip is the isotropic part and e ae is defined as the 'CDJ deviation ma- 
trix', encodes the deviation of the CDJ matrix from isotropy. Substitution 
of (54) into (53) yields 

e ae = 0; e ae = const. Va, e (55) 

The deviation matrix e ae is in general an 8 by 8 matrix of arbitrary complex 
numerical constants. 

Let us now re-examine the equation of motion for \I> ae . This can be 
written as one equation labelled by the constants e ae 6 GL(8,C). 

= -iN\J det(5 a e^> + e ae ) (A + tr(5 ae (p + e ae ) -1 ^ . (56) 
To solve the equation of motion (56) we will need the determinant, given by 

det^ ae = det(5 ae (p + e ae ) = (p 3 + (p 2 e + \pVare + dete (57) 
where we have defined 

e = S ae e ae - tr(e ae ); Vare = (5 bf 5 cg - 5 c f5 bg )e b f€ cg = (tre) 2 - tre 2 . (58) 

We will also need the inverse of (54). Let us assume for simplicity that 
the isotropic part 99 is the largest component. 20 Hence, <p > e ae Va,e, with 
Then we have 

19 Recall that we have shown for the degenerate case that the kinematic constraints are 
insufficient to eliminate the antisymmetric (rotation) elements of f M . 

20 The trace is the dynamical component and will vary in time. Therefore, the expansion 
is good only for t — r such that <p(r) > max{e ae }. Since the non-isotropic components 
are numerical constants, then V t such that ip(t) > e ae Va, e do not hold, then a singularity 
exists and one can must attempt to find the solution for different e ae . Hence we have 
shown that singularities can develop only when considering degenerate configurations. 
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^ae = (<W + £ae) = <P 1 $aa X^" 1 )"^ n ^a a^ ai a 2 ■ ■ ■ ^a n - ia Ja n e (59) 

The trace of (59) is given by 



n=0 



tr* 1 = ( p ^(-lfvJ "e aai e aia2 ...e an _ ia 



(60) 



n=0 



Likewise, the square root of the determinant can be expanded as in 



e Vare detexV 2 



VdeW = (^ 3/2 ( 1 + - + — -=- + 
if 2ip z 



1 



(61) 



Then one can use the infinite binomial series expansion 



e Vare detex 1 / 2 



If 2<p 2 



(-l) n (2n)! /e Vare dete\™ 



' + + 1 ' + " 1 ' S (i _ 2n)n! 2 4™ U + 2cp 2 + v - 



n=0 



) -(62) 



We must now put (60) and (62) back into (56). 



7.1 Asymptotic expansion about the isotropic sector 

We are now ready to write down the general solution for the degenerate case 
to all orders. The equation of motion for ip can be written as 



(A + -) <p~ 3/2 v = -iNE((p, e) 



(63) 



where we have defined a 'correction' factor for non-isotropy E 



E(<p,e) 



1-^ 2 (A+- 



h{<p, e 



(64) 



where 



n=l 



re Vare detex 1 / 2 



ip 2ip 2 <p" 



(65) 
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The left hand side of (63) is reduces to the isotropic case considered in (45). 
Upon integration, we have 

J (A+ ^Jp~ 3/2 d(p = ~ iN J o E(ip(t),e)dt (66) 
which can be written in the form 

tan-(^iS) =*n-(^) + f (67) 
Equation (67) further simplifies to 



y/WW) = (v^ + t-^=) [l " \/^tan^ f E{ V ; e)dt] - ^.(68) 

We can now generate an asymptotic expansion about the exact isotropic 
solution by fixed point iteration procedure, since the right hand side of (66) 
is small. First, choose a particular state e ae , thought of as a constant vector 
in an eight complex dimensional space. Next, define a sequence of functions 
of time (f n (t), such that (p = (po, which is the initial value of the isotropic 
part of the CD J matrix at time t = 0. 21 Define sequence <p n , such that 



(T) = ^tanftan-^^p) + ^ £ E^ n (t),e)dt 



(69) 



The full-blown solution, assuming convergence of the sequence (69), is given 
by <p(t) = limn^oo 

tp n (t)- Hence, if it is indeed the case that there was a phase 
of the universe in which degenerate metrics exist, (i) The universe cannot 
transition into a nondegenerate state if the SQC holds, (ii) The existence 
of such a configuration is labelled by eight arbitrary complex constants for 
the e ae , each of which defines a state of the universe, (iii) The convergence 
of the sequence (69) is a necessary, but not sufficient condition for the well- 
definedness of this configuration. 22 This in turn depends upon the initial 
value of ipo in relation to the constants e 
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This time labels the beginning of the universe, and <p is an essential parameter of the 
theory. 

22 There is clearly a large category of cosmological evidence that dictates that the space- 
time metric today is nondegenerate. 

23 The theoreist has the free choice of the e oe . However, (po is determined by the initial 
conditions of the universe, which can only be extrapolated from the cosmological data in 
existence today. Since according to conventional classical GR and Hawking-Ellis theo- 
rems, the Einstein's equations break down in this regime, then the conclusion is that the 
Chang-Soo/CDJ description must exclude these degenerate configurations on experimen- 
tal grounds, based upon [5] . 
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8 Discussion: Hilbert space structure for the de- 
generate case 

We have shown that the states V&a[-X] = &X X which were derived in [5] 
are based upon a nondegenerate configuration of the Chang-Soo variables. 
For these states the Chang-Soo variables X ae are the dynamical variables 
and the CDJ matrix fy ae = X ae are numerical constants which play the role 
of labels. Hence the state satisfies the SQC in corresponding to the time 
evolution of the variables X ae = X ae (T) in accordance with the equations 
of motion and the quantum constraints. However, as we have seen in the 
degenerate case it the variables X ae which are numerical constants, with \l/ ae 
udergoing a nontrivial time evolution. This suggests that in the degenerate 
case X = 0, the variables X ae could serve as labels with the variables ^ ae 
being fully dynamical. So the question arises as to what states describe the 
negenerate case, given that the states in [5] to not. 

We have implied that the roles of the Chang-Soo/CDJ variables become 
reversed in going from the nondegenerate into the degenerate case. Given 
that the quantum wavefunction for the Chang-Soo variables are given by 



</, A [X] = e-f A *-V^ lA - x (70) 

which are Gaussians in X ae peaked on configurations for which X = u\, 
then this implies that one could make the switch A <-> X to obtain in the 
nondegenerate case 24 



ct> Y [^]=e- v i Y *- Y e^- lY -*. (71) 

Within the schema of [5], the nondegenerate states arose via the canon- 
ical structure $? ae X ae from transformation of the Ashtekar variables. Due 
to X ae now being constants upon implementation of the constraints, which 
we assume consistent with the equations of motion, this canonical structure 
would vanish. The remedy, to handle the degenerate case, is to perform a 
canonical transformation at the level of the phase space so that X ae play the 
role of momenta with ^ ae being the coordinates. This can be done through 
the manipulations 



f dW ae {t)X ae (t) = (V ae (T)X ae (T) -V ae (0)X ae (0)) - [ T X ae ^ ae . (72) 
J o Jo 

The result is a boundary term that doesn't affect the classical equations of 
motion, though which becomes important in the quantum theory. One may 

24 Here we have used the symbol Y = Y ae to denote numerical constant values of the 
matrix X ae . 
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then append the constraints (same constraints as in (9) to the canonical 
structure (72) in order to obtain a new action of the form 



Note that at this stage all we have performed is a manipulation of the Chang- 
Soo starting action, hence the degeneracy condition cannot yet be applied. 
Degeneracy is a special case, as any other configuarion, for which physical 
quantities of interest should be evaluated on the particular configuration 
after all consistency conditions 25 have been satisfied. Therefor the correct 
procedure is to evaluate the equations of motion on the configuration of a 
degenerate B l a , which is what we have done in the present section. 

One could go through the analogous developments as in [5] , which we do 
not do here. But to give a taste of what is involved, one could attempt to 
redefine the projection operator onto the new states 



where ^ = ^ ae is the CDJ matrix and Dfi(^) is a measure Gaussian in 
\& ae . However, from the analysis of the previous section, under degeneracy 
conditons the only dynamical component of the CDJ matrix is given by the 
isotropic part <p. Putting the representation <p ae = S ae <f + e ae into (75), 
where e ae are numerical constants and detyl = X = 0, we have 



where we have used e ae = 0. Recall that X = txX ae is a numerical constant. 
However, X = due to degeneracy and Isoo = 0. Therefore, the degenerate 
wavefunction is a numerical constant labelled by the boundary termarising 
from the canonical transformation into momentum coordinates X ae e ae . The 
resulting Hilbert space is not well-defined, since any particular configuration 
of a continuous infinity of configurations spanning GL(16, C). 26 



e.g. itmes such as consrtaints and equations of motion 
26 There are now 16 complex constants labelling the state. Eight due to e ae , which is 
independent of the classical evolution of tp — <p(t), and eight constants for X ae (one of the 
original nine constants determins the degeneracy condition). 




(73) 




(74) 




(75) 
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9 Conclusion 



We have illustrated some of the dynamics of gravity in terms of the Chang- 
Soo variables. Although ostensibly a classical treatment, we have incorpo- 
rated the full quantum dynamics of the model by making use of the initial 
value constraints in the equations of motion. Starting from the Chang-Soo 
variables, which are defined independently of the existence of a spacetime 
metric, we have derived solutions which correspond to a class of inflating 
spacetimes labelled by the values of the CDJ matrix corresponding to the 
quantum state. We have also demonstrated that the big bang singularity can 
be avoided in these new variables independently of any quantum corrections 
by applying the equations of motion to all times, including the beginning of 
the universe when quantum effects are presumably dominant. This implies 
a semiclassical-quantum correspondence for the variables in that the family 
of states, while semiclassical, are exact quantum states. We have also illus- 
trated the dynamics of the theory in the degenerate sector, displaying an 
array of new solutions for GR. Another result of the intital value constraints 
development in these variables is that an initially degenerate solution will 
remain degenerate for all times, which eliminates topology change due to 
the SQC. 

The present paper has demonstrated the anisotropic minisuperspace sec- 
tor of the model, which include a generalization of the results of [15] to 
include more general solutions to the Einstein equations beyond DeSitter 
spacetime. We have also provided a prescription for obtaining general so- 
lutions by asymptotic expansion about an isotropic solution. It is hoped 
that this algorithm can be of use as well in numerical treatments of gen- 
eral relatity. Futures line of development for the new variables will include 
a treatment of inflationary cosmology for coupling of the Chang-Soo vari- 
ables to matter fields, starting next with the inflaton field and moving on to 
fermions and the standard model fields. We will also demonstrate the analo- 
gous developments in the full theory, and complete the quantum description 
for these new variables in the construction of finite states. 
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